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Abstract The present paper describes the mathematical modeling and dynamics of a novel corona

virus (2019-nCoV). We describe the brief details of interaction among the bats and unknown hosts,

then among the peoples and the infections reservoir (seafood market). The seafood marked are con-

sidered the main source of infection when the bats and the unknown hosts (may be wild animals)

leaves the infection there. The purchasing of items from the seafood market by peoples have the

ability to infect either asymptomatically or symptomatically. We reduced the model with the

assumptions that the seafood market has enough source of infection that can be effective to infect

people. We present the mathematical results of the model and then formulate a fractional model.

We consider the available infection cases for January 21, 2020, till January 28, 2020 and parame-

terized the model. We compute the basic reproduction number for the data is R0 � 2:4829. The

fractional model is then solved numerically by presenting many graphical results, which can be help-

ful for the infection minimization.
� 2020 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Oneof the greatest assignments given to humankind is to control

the environment within which they live. However some instruc-
tions have been given andboundaries have been placed such that
some law of nature should not be violated. In the process of con-

trolling nature, they have constructed very powerful instruments
that allow them tohave control of some important places like the
sea, air and ground. The secure survival of their kind, and also
eliminate each living being that can be a threat for their survival,
they have developed powerful weapons including guns, bombs,
medications, technical instrument that can help them identify

sickness, their origin, and how to eliminate them. Although they
have succeeded so far to be on top of the game, violation of fun-
damental laws of nature has led to many natural disasters. For
example failure to observe the law of cohabitation has led man-

kind to use heavy weapons to killing each other, some of the big-
gest that have been recorded in the history ofmankind areWorld
War 1 and 2, of course that there are many other genocides that

have endedwithmassif loss of human live. Failure to observe the
natural law of co-habitation has also led to xenophobia, a new
man-made-disease that has spread around Africa and many

otherpartof theworld.While concepts likenationalityhavebeen
introduced to divide mankind, while diplomatic, securities and
many other measures have put in place to support the idea of
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nationality,mankind fails tounderstand that theworldbelong to
nature and each leaving being therein are passengers. More pre-
cisely such concept has created many inequalities around the

world. One can be in charge today but tomorrow he is no longer
in charge the nature has recalled some of his parts. Themisuse of
sexual activity has led tomany sexually transmitted diseases that

have killed more than millions of souls in the last decades. One
could list many other problems that occurred due to mankind
violating the law of nature.

Mankind being in control of their environment does not
grant them the right to have physical; interaction with all living
being therein, even this does not give them right to eating
whatever found in nature. Do we really have to eat everything?

Do we really have to physically interact with every living
being? The answer to these questions is of course no because,
nature has offered mankind some fruits, vegetables, sea-foods

and some meats that humans can use for their survival, how-
ever, there exist in nature other fruits, vegetables and sea-
living being cannot be used for their survival. It is also true

that there exist in nature some living being that do not have
to be in any form of contact with humans. It is for instance
widely believed that, the world deathly disease called HIV

has its genesis from crossed species from chimpanzees to
humans. This transmitted disease was pre-1980 unknown and
transmission was not accompanied by visible signs or symp-
toms. It is also documented that, by 1980, HIV may have

spread to five continents, also within this period around
300000 persons were infected. Ebola, a deathly infectious dis-
ease that has killed many humans around the world in the past

last years is believed by scientists to have come from an
infected animal such as a fruit bat or non-human primate.
Lassa fever is believed to have come from rates. One can list

many other deathly diseases that come from the interaction
between humans and other living-beings. So far humans have
developed several medical techniques and put in place many

measure to prevent, even cure some the above listed diseases.
While they thought to have master nature, the corona-virus
occurs and has already killed many people in China, and has
been discovered to other parts of the world including Europe

and Africa. The 2019 corona-virus also called the Wuhan
corona-virus, is a transmitted virus causing respiratory infec-
tion and highly transmitted from human to human. In this

paper, we aim to suggest and present mathematical analysis
underpinning the spread of such deathly disease and present
some prediction with real world data.

The novel coronavirus (2019-nCoV) fist case was detected in
the city of Wuhan China which is the capital of Hubei province
onDecember 31, 2019. After developing the pneumoniawithout
a clear cause and for which the available vaccine or treatments

were foundnot effective [2]. Further, it is shown the transmission
of the virus from human to human [3]. The cases not only spread
in the Wuhah city but also to the other cities of China. Besides

this, the virus spread to other regionof theworld such asEurope,
North America and the Asia specific. It is documented that
appearance of the symptoms taking 2 to 10 days. The symptoms

include coughing, the breathing difficulties, and the fever. As per
January 28, 4593 cases were found infective with the virus and
132 deaths and due to the virus further information about the

new cases and deaths are yet to come.
In the present paper, we consider the model formulation

initially in integer order derivative and then apply the
Atangana-Baleanu derivative. The purpose of using the
Please cite this article in press as: M.A. Khan, A. Atangana, Modeling the dynamics
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Atangana-Baleanu derivative to the model is that it has many
properties such as their kernel is nonlocal and nonsingular,
and the crossover behavior in the model can only be best

described using this operator. The others operators such as
Caputo, Caputo-Fabrizio which does not posses these proper-
ties may or may not well describe the dynamics of corona

virus. Although in future, we study the this corona virus model
in other operators such as Caputo and Caputo-Fabrizio and
their comparison with Atangana-Baleanu derivative and will

conclude which operator is more appropriate for this model.
Research related Atangana-Baleanu derivative and their appli-
cations to various models arising in science and engineering
can be seen in [4–8]. Some other related papers to the applica-

tions of Atangana-Baleanu derivative can be seen in [9–14]
We consider the reported cases since January 21, 2020 till

January 28, 2020, which are higher than the initial days and

formulate a mathematical model to parameterize the model.
We give brief details about the mathematical modeling of the
novel corona virus in Section 2. Some fundamental properties

of the model and their stability will be explored in Section 3.
We then, formulate the model in fractional derivatives and pre-
sented a numerical scheme for their solution in Section 4. The

data versus model fitting for the given period will be shown in
Section 5 and also, we briefly discuss the numerical results with
many values of the fractional order q. Concluding remarks will
be provided in Section 6.

2. Model formulation

2.1. Formulations of bats and hosts population

Assuming the transmission within the bats population take

place and then the transmission occur to the hosts (it may be
the wild animals). The hunting of the hosts and their travel to
the seafood market which is consider to be the reservoir or

virus. Peoples get risk of infection by exposing to the market.
We start the model formulation by denoting the total size of
the bats population byNb tð Þwhich is classified further into four

classes, the susceptible bats, Sb tð Þ, the exposed bats, Eb tð Þ, the
infected bats, Ib tð Þ and the recovered or removed bats Rb tð Þ
at any time t, so, Nb ¼ Sb þ Eb þ Ib þ Rb. The unknown host
are denoted by Nh tð Þ which is classified further into four sub-

groups, that is Sh tð Þ;Eh tð Þ; Ih tð Þ and Rh tð Þ respectively, show
the susceptible, exposed, infected and the recovered or removed
hosts. So that, Nh tð Þ ¼ Sh tð Þ þ Eh tð Þ þ Ih tð Þ þ Rh tð Þ. The inter-
action among bats and host population can represented
through the following evolutionary differential equations:

dSb

dt
¼ Pb � lbSb � gbSbIb

Nb
;

dEb

dt
¼ gbSbIb

Nb
� lb þ hbð ÞEb;

dIb
dt
¼ hbEb � sb þ lbð ÞIb;

dRb

dt
¼ sbIb � lbRb;

dSh

dt
¼ Ph � lhSh � gbhShIb

Nh
� ghShIh

Nh
;

dEh

dt
¼ gbhShIb

Nh
þ ghShIh

Nh
� lh þ hhð ÞEh;

dIh
dt
¼ hhEh � lh þ shð ÞIh;

dRh

dt
¼ shIh � lhRh;

ð1Þ
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subject to non-negative initial conditions. The population of

susceptible bats is recruited through the birth rate Pb where
death rate in each class of bats is given by lb. The exposed bats
after completing their incubation period become infected at the

rate hb and join the infection class Ib. The recover or removal
rate of the infected bats to class Rb is shown by sb. The infec-
tion that caused by the interaction of susceptible and infected
bats at the rate gbwith the route gbSbIb=Nb. The birth rate of

the host is given by Ph while the natural death rate in each
class is given lh. The exposed host becomes infected at the rate
hh and join the infection class Ih and sh is the removal or recov-

ery rate of the infected host. The contact among the susceptible
hosts and the infected bats take place through the route
gbhShIb=Nh, where gbh is the coefficient of disease transmission

from infected bats to the healthy hosts. After getting the infec-
tion from the infected bats, the virus has the ability to spread
within the host and shown by the route ghShIh=Nh, where gh is
the disease transmission coefficient among the host population

classes Sh and Ih. The complete flow transfer among bats and
hosts population are shown in Fig. 1.

2.2. Formulation of corona virus (seafood market) versus people

The total population of people is denoted by Np which is clas-
sified further into five subgroups such as Sp;Ep; Ip;Ap and Rp

which represent respectively, the susceptible, exposed, infected

(symptomatic), asymptotically infected, and the recovered or
the removed people. The evolutionary dynamics of the bats,
host, people and the seafood market (reservoir), simply
(bats-hosts-reservoir-people) is described through the nonlin-

ear differential equations given by:

dSp
dt
¼Pp�lpSp� gpSp IpþwApð Þ

Np
�gwSpM;

dEp

dt
¼ gpSp IpþwApð Þ

Np
þgwSpM� 1�hp

� �
xpEp�hpqpEp�lpEp;

dIp
dt
¼ 1�hp
� �

xpEp� spþlp

� �
Ip;

dAp

dt
¼ hpqpEp� sapþlp

� �
Ap;

dRp

dt
¼ spIpþ sapAp�lpRp;

dM
dt
¼ bMIh

Nh
þ.pIpþ-pAp�pM:

ð2Þ
Fig. 1 Interaction am
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The birth and natural death rate of the people is given by the
parameters Pp and lp respectively. The susceptible people Sp

will be infected through sufficient contacts with the infected

people Ip through the term given by gpSpIp where the gp is

the disease transmission coefficient. The transmission among
the asymptomatically infected people with health people could

take place at form wgpSpAp, where w the transmissibility mul-

tiple of Ap to that Ip and w 2 0; 1½ �, when w ¼ 0, no transmis-

sibility multiple will exists and hence vanish, and if w ¼ 1, then
the same will take place like Ip infection. The parameter hp is

the proportion of asymptomatic infection. The parameters

xp and qp respectively represent the transmission rate after

completing the incubation period and becomes infected, join-
ing the class Ip and Ap. The people in the symptomatic class

Ip and asymptomatic class Ap joining these class Rp with the

removal or recovery rate respectively by sp and sap. The class

M which is denoted be the reservoir or the seafood place or
market. The susceptible people infected after the interaction

with M, given by gwMSp, where gw is the disease transmission

coefficient from M to Sp. The host visiting the seafood market

by purchasing the items (retail purchase) shown by b with

bMIh=Nh. The parameters .p and -p of the infected symp-

tomatic and asymptomatically infected respectively contribut-
ing the virus into the seafood market M. The removing rate of

the virus from the seafood marketM is given by the rate p. The
complete transfer among people and seafood reservoir is
depicted in Fig. 2.

Considering that the 2019-nCoV can be imported in short
time to the seafood market with enough source of virus and
thus, without loss of generality, ignoring of the interaction
among bats and hosts, the model (2) can be reduced to the sys-

tem below, which can be regarded base study model:

dSp
dt
¼Pp�lpSp� gpSp IpþwApð Þ

Np
�gwSpM;

dEp

dt
¼ gpSp IpþwApð Þ

Np
þgwSpM� 1�hp

� �
xpEp�hpqpEp�lpEp;

dIp
dt
¼ 1�hp
� �

xpEp� spþlp

� �
Ip;

dAp

dt
¼ hpqpEp� sapþlp

� �
Ap;

dRp

dt
¼ spIpþ sapAp�lpRp;

dM
dt
¼ .pIpþ-pAp�pM:

ð3Þ

ctional derivative 3
ong bats and host.

of novel coronavirus (2019-nCov) with fractional derivative, Alexandria Eng. J.

https://doi.org/10.1016/j.aej.2020.02.033


M.A. Khan, A. Atangana
with the initial conditions
Sp 0ð Þ¼Sp 0ð ÞP 0;Ep 0ð Þ¼Ep 0ð ÞP 0;Ip 0ð Þ¼ Ip 0ð ÞP 0;

Ap 0ð Þ¼Ap 0ð ÞP 0;

Rp 0ð Þ¼Rp 0ð ÞP 0;M 0ð Þ¼M 0ð ÞP 0:

ð4Þ

The total dynamics of the people can be obtained by adding

the first five equations of the model (3), given by

dNp

dt
¼ Pp � lpNp:

The feasible region for the model (3) is given by

X ¼
(

Sp tð Þ;Ep tð Þ; Ip tð Þ;Ap tð Þ;Rp tð Þ� � 2 R5
þ : Np tð Þ

6 Pp

lp

;M 2 Rþ :
Pp

lp

.p þ -p

p

)
: ð5Þ

4

3. Stability results

The present section explore the stability for the model (3) by
considering first the disease free equilibrium and the basic

reproduction number denoted by R0. The disease free equilib-
rium for the model (3) is,

E0 ¼ S0
p; 0; 0; 0; 0; 0

� �
¼ Pp

lp

; 0; 0; 0; 0; 0

 !
: ð6Þ
Fig. 2 Interaction among the people

Please cite this article in press as: M.A. Khan, A. Atangana, Modeling the dynamics
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Computing the basic reproduction number for the given model

(3), we follows the work in [18], where the necessary computa-
tions of the matrices F and V are shown by

F ¼

0 gp wgp
gwPp

lp

0 0 0 0

0 0 0 0

0 0 0 0

0
BBBB@

1
CCCCA;

V ¼

hpqp þ 1� hp
� �

xp þ lp 0 0 0

hp � 1
� �

xp lp þ sp 0 0

�hpqp 0 sap þ lp 0

0 �.p �-p p

0
BBBB@

1
CCCCA:

The spectral radius c FV�1
� �

is the required basic reproduction

number of the model (3), we is given by

R0 ¼
hpqp lpþ sp

� �
pwgplpþPp-pgw
� �þ 1�hp

� �
xp sapþlp

� �
pgplpþPp.pgw
� �

plp lpþ sp
� �

sapþlp

� �
hp qp�xp

� �þlpþxp

� � :

Further, we can write R0 in the form

R0 ¼ R1 þR2;

R1 ¼ hpqp pwgplpþPp-pgwð Þ
plp sapþlpð Þ hpqpþ 1�hpð Þxpþlpð Þ ;

R2 ¼ 1�hpð Þxp pgplpþPp.pgwð Þ
plp lpþspð Þ hp qp�xpð Þþlpþxpð Þ :

Theorem 1. The DFE E0 of the system (3) is locally asymp-
totically stable if R0 < 1.
and the reservoir (seafood) market.
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Proof. For the proof, we obtain at DFE E0, the Jacobian

matrix below,

J¼

�lp 0 �gp �wgp 0 � gwKp

lp

0 �lp�hpqp� 1�hp
� �

xp gp wgp 0
gwKp

lp

0 1�hp
� �

xp �lp� sp 0 0 0

0 hpqp 0 �lp� sap 0 0

0 0 sp sap �lp 0

0 0 .p -p 0 �p

0
BBBBBBBBBB@

1
CCCCCCCCCCA

In above Jacobian matrix, the two eigenvalues are negative,
that is �lp twiceð Þ and the rest can obtained through the char-

acteristics equation below:

k4 þ a1k
3 þ a2k

2 þ a3kþ a4 ¼ 0;

where

a1 ¼ sapþdþhpqpþ 1�hp
� �

xpþ3lpþsp;

a2 ¼ lpþsp
� �

hpqpþ 1�hp
� �

xpþlp

� ��gp 1�hp
� �

xp|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
þ sapþlp

� �
hp qp�xp

� �þlpþxp

� ��wgphpqp|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
þp sapþlp

� �þ lpþsp
� �

sapþlp

� �þp hp qp�xp

� �þlpþxp

� �þp lpþsp
� �

;

a3 ¼p hpqpþ 1�hp
� �

xpþlp

� �
sapþlp

� �
1�R1ð Þþ lpþsp

� �
1�R2ð Þ� �

þ lpþsp
� �

d sapþlp

� ��wgphpqp

� �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}þgphpxp sapþlp

� �
þ sapþlp

� �
lpþsp
� �

hp qp�xp

� �þlpþxp

� ��gpxp

� �
;

a4 ¼p lpþsp
� �

sapþlp

� �
hpqpþ 1�hp

� �
xpþlp

� �
1�R0ð Þ:

In above equation the term under braces are less than R0 and
the coefficient a4 is positive when R0 < 1, and thus all the

coefficients are positive. Further, the criteria of Rough-
Hurtwiz for the fourth order polynomial is ai > 0 for

i ¼ 1; 2 . . . ; 4 and a1a2a3 � a21a4 � a23 > 0 can be easily satisfied

by using the above coefficients. So, the model (3) at the disease
free equilibrium is locally asymptotically stable if R0 < 1.
3.1. Endemic equilibria

For the endemic equilibrium of the model (3), we denote it by

E� and E� ¼ S�
p;E

�
p; I

�
p;A

�
p;R

�
p;M

�
p

� �
, given by

S�
p ¼ Pp

kþlp
;

E�
p ¼

kS�p
hpqp�hpxpþlpþxp

;

I�p ¼
E�
p 1�hpð Þxp

lpþsp
;

A�
p ¼

E�
phpqp

sapþlp
;

R�
p ¼

A�
psapþI�psp

lp
;

M� ¼ A�
p-pþI�p.p

p ;

ð7Þ

where

k� ¼
gp wA�

p þ I�p
� �

A�
p þ E�

p þ I�p þ R�
p þ S�

p

þ gwM
� ð8Þ

which satisfies the equation below,

P k�ð Þ ¼ m1 k�ð Þ2 þm2k
� ¼ 0; ð9Þ

where
Please cite this article in press as: M.A. Khan, A. Atangana, Modeling the dynamics
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m1¼p lpþsp
� �

sapþlp

� �
hp qp�xp

� �þlpþxp

� �
;

m2¼plp lpþsp
� �

sapþlp

� �
hp qp�xp

� �þlpþxp

� �
1�R0ð Þ: ð10Þ

Obviously, m1 > 0 and m2 P 0 whenever R0 < 1, so that

k� ¼ �m2=m1 6 0. Thus, no endemic equilibrium exists when-
ever R0 < 1.

4. Fractional corona virus model

Before presenting the model in fractional derivative, we give

the definition of fractional derivative and their integral below:

Definition 1. Let a function g 2 C1 b1; b2ð Þ, where b2 > b1, and

0 6 q � 1, then the representation of the Atangana-Balenau
derivative is given by:

ABC
a Dq

t g tð Þ ¼ C qð Þ
1� q

Z t

a

g0 jð ÞEq �q
t� jð Þq
1� q

	 

dj: ð11Þ

Definition 2. The fractional integral associated to the
Atangana-Baleanu derivative is given by:

ABC
a Iqt g tð Þ ¼ 1� q

C qð Þ g tð Þ þ q
C qð ÞC qð Þ

Z t

a

g jð Þ t� jð Þq�1
dj; ð12Þ

where C qð Þ is the normalization function.

We generalize the model (3) by applying the Atangana-
Baleanu derivative and obtain the model below:

ABC
0 Dq

t Sp ¼Pp�lpSp� gpSp IpþwApð Þ
Np

�gwSpM;

ABC
0 Dq

t Ep ¼ gpSp IpþwApð Þ
Np

þgwSpM� 1�hp
� �

xpEp�hpqpEp �lpEp;

ABC
0 Dq

t Ip ¼ 1�hp
� �

xpEp� spþlp

� �
Ip;

ABC
0 Dq

t Ap ¼ hpqpEp� sapþlp

� �
Ap;

ABC
0 Dq

t Rp ¼ spIpþ sapAp�lpRp;
ABC
0 Dq

t M¼ .pIpþ-pAp �pM;

ð13Þ

where q represent the fractional order parameter and Dq
t is the

fractional derivative, the model variables in (13) are non-
negative and has appropriate initial conditions.

4.1. Numerical scheme

We give a numerical procedure for the solution of the frac-
tional epidemic model (13) by adopting the procedure shown

in [15]. The application of this scheme can be seen in many real
world problems, see for example [16,17] and the references
there in.

Applying the procedure in [15], our model (13) taking the

shape below:

AB
0 Dq

t Sp ¼ H1 t;Sp;Ep; Ip;Ap;Rp;M
� �

;

AB
0 Dq

t Ep ¼ H2 t;Sp;Ep; Ip;Ap;Rp;M
� �

;

AB
0 Dq

t Ip ¼ H3 t;Sp;Ep; Ip;Ap;Rp;M
� �

;

AB
0 Dq

t Ap ¼ H4 t;Sp;Ep; Ip;Ap;Rp;M
� �

;

AB
0 Dq

t Rp ¼ H5 t;Sp;Ep; Ip;Ap;Rp;M;
�

AB
0 Dq

t M ¼ H6 t;Sp;Ep; Ip;Ap;Rp;M
� �

;

ð14Þ
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The novel corona virus model further can be shown as:

Sp tð Þ�Sp 0ð Þ¼ 1�qð Þ
C qð Þ H1 t;Sp

� �þ q
C qð ÞC qð Þ

R t

0
H1 j;Sp

� �
t�jð Þq�1

dj;

Ep tð Þ�Ep 0ð Þ¼ 1�qð Þ
C qð Þ H2 t;Ep

� �þ q
C qð ÞC qð Þ

R t

0
H2 j;Ep

� �
t�jð Þq�1

dj;

Ip tð Þ� Ip 0ð Þ¼ 1�qð Þ
C qð Þ H3 t;Ip

� �þ q
C qð ÞC qð Þ

R t

0
H3 j;Ip
� �

t�jð Þq�1
dj;

Ap tð Þ�Ap 0ð Þ¼ 1�qð Þ
C qð Þ H4 t;Ap

� �þ q
C qð ÞC qð Þ

R t

0
H4 j;Ap

� �
t�jð Þq�1

dj;

Rp tð Þ�Rp 0ð Þ¼ 1�qð Þ
C qð Þ H5 t;Rp

� �þ q
C qð ÞC qð Þ

R t

0
H5 j;Rp

� �
t�jð Þq�1

dj;

M tð Þ�M 0ð Þ¼ 1�qð Þ
C qð Þ H6 t;Mð Þþ q

C qð ÞC qð Þ
R t

0
H6 j;Mð Þ t�jð Þq�1

dj:

ð15Þ

Using t ¼ tnþ1; n ¼ 0; 1; 2; . . ., in above equation leads to the

system below:

Sp tnþ1ð Þ � Sp t0ð Þ ¼ 1�q
C qð ÞH1 tn;Sp

� �
þ q

C qð ÞC qð Þ
Xn
k¼0

R tkþ1

tk
H1 j;Sp

� �
tnþ1 � jð Þq�1

dj;

Ep tnþ1ð Þ � Ep t0ð Þ ¼ 1�q
C qð ÞH2 tn;Ep

� �
þ q

C qð ÞC qð Þ
Xn
k¼0

R tkþ1

tk
H2 j;Ep

� �
tnþ1 � jð Þq�1

dj;

Ip tnþ1ð Þ � Ip t0ð Þ ¼ 1�q
C qð ÞH3 tn; Ip

� �
þ q

C qð ÞC qð Þ
Xn
k¼0

R tkþ1

tk
H3 j; Ip
� �

tnþ1 � jð Þq�1
dj;

Ap tnþ1ð Þ � Ap t0ð Þ ¼ 1�q
C qð ÞH4 tn;Ap

� �
þ q

C qð ÞC qð Þ
Xn
k¼0

R tkþ1

tk
H4 j;Ap

� �
tnþ1 � jð Þq�1

dj;

Rp tnþ1ð Þ � Rp t0ð Þ ¼ 1�q
C qð ÞH5 tn;Rp

� �
þ q

C qð ÞC qð Þ
Xn
k¼0

R tkþ1

tk
H5 j;Rp

� �
tnþ1 � jð Þq�1

dj;

M tnþ1ð Þ �M t0ð Þ ¼ 1�q
C qð ÞH6 tn;Mð Þ

þ q
C qð ÞC qð Þ

Xn
k¼0

R tkþ1

tk
H6 j;Mð Þ tnþ1 � jð Þq�1

dj;

ð16Þ
Fig. 3 Reported cases of 201
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Using the two points lagrange interpolation polynomial for the

simplification of the integral in (16), we obtain in the following
the numerical scheme for corona virus model (13) given by,

Sp tnþ1ð Þ ¼ Sp t0ð Þ þ 1� q
C qð Þ H1 tn;Sp

� �þ q
C qð Þ

�
Xn
k¼0

hqH1 tk;Sp

� �
C qþ 2ð Þ nþ 1� kð Þq n� kþ 2þ qð Þð

	

� n� kð Þq n� kþ 2þ 2qð ÞÞ � hqH1 tk�1;Sp

� �
C qþ 2ð Þ

� nþ 1� kð Þqþ1 � n� kð Þq n� kþ 1þ qð Þ
� �i

; ð17Þ

Ep tnþ1ð Þ ¼ Ep t0ð Þ þ 1� q
C qð Þ H2 tn;Ep

� �þ q
C qð Þ

�
Xn
k¼0

hqH2 tk;Ep

� �
C qþ 2ð Þ nþ 1� kð Þq n� kþ 2þ qð Þð

	

� n� kð Þq n� kþ 2þ 2qð ÞÞ � hqH2 tk�1;Ep

� �
C qþ 2ð Þ

� nþ 1� kð Þqþ1 � n� kð Þq n� kþ 1þ qð Þ
� �i

; ð18Þ

Ip tnþ1ð Þ ¼ Ip t0ð Þ þ 1� q
C qð Þ H3 tn; Ip

� �þ q
C qð Þ

�
Xn
k¼0

hqH3 tk; Ip
� �

C qþ 2ð Þ nþ 1� kð Þq n� kþ 2þ qð Þð
	

� n� kð Þq n� kþ 2þ 2qð ÞÞ � hqH3 tk�1; Ip
� �

C qþ 2ð Þ
� nþ 1� kð Þqþ1 � n� kð Þq n� kþ 1þ qð Þ
� �i

; ð19Þ

Ap tnþ1ð Þ ¼ Ap t0ð Þ þ 1� q
C qð Þ H4 tn;Ap

� �þ q
C qð Þ

�
Xn
k¼0

hqH4 tk;Ap

� �
C qþ 2ð Þ nþ 1� kð Þq n� kþ 2þ qð Þð

	

� n� kð Þq n� kþ 2þ 2qð ÞÞ � hqH4 tk�1;Ap

� �
C qþ 2ð Þ

� nþ 1� kð Þqþ1 � n� kð Þq n� kþ 1þ qð Þ
� �i

; ð20Þ
9-nCoV in Wuhan China.
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Table 1 Fitted and estimated parameters values for Corona virus model (13), when q ¼ 1.

Parameter Description Value Source

Pp Birth rate lp �Np 0ð Þ Estimated

lp Natural mortality rate 1
76:79�365

[1]

gp Contact rate 0.05 Fitted

w Transmissibility multiple 0.02 Fitted

gw Disease transmission coefficient 0.000001231 Fitted

hp The proportion of asymptomatic infection 0.1243 Fitted

xp Incubation period 0.00047876 Fitted

qp Incubation period 0.005 Fitted

sp Removal or recovery rate of Ip 0.09871 Fitted

sap Removal or recovery rate of Ap 0.854302 Fitted

.p Contribution of the virus to M by Ip 0.000398 Fitted

-p Contribution of the virus to M by Ap 0.001 Fitted

p Removing rate of virus from M 0.01 Fitted

Modeling the dynamics of novel coronavirus (2019-nCov) with fractional derivative 7
Rp tnþ1ð Þ ¼ Rp t0ð Þ þ 1� q
C qð Þ H5 tn;Rp

� �þ q
C qð Þ

�
Xn
k¼0

hqH5 tk;Rp

� �
C qþ 2ð Þ nþ 1� kð Þq n� kþ 2þ qð Þð

	

� n� kð Þq n� kþ 2þ 2qð ÞÞ � hqH5 tk�1;Rp

� �
C qþ 2ð Þ

� nþ 1� kð Þqþ1 � n� kð Þq n� kþ 1þ qð Þ
� �i

; ð21Þ

and

M tnþ1ð Þ ¼ M t0ð Þ þ 1� q
C qð Þ H6 tn;Mð Þ þ q

C qð Þ

�
Xn
k¼0

hqH6 tk;Mð Þ
C qþ 2ð Þ nþ 1� kð Þq n� kþ 2þ qð Þð

	

� n� kð Þq n� kþ 2þ 2qð ÞÞ � hqH6 tk�1;Mð Þ
C qþ 2ð Þ

� nþ 1� kð Þqþ1 � n� kð Þq n� kþ 1þ qð Þ
� �i

: ð22Þ
Fig. 4 Reported cases of 2019-nCoV in
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In the next section, we consider the scheme shown above for

the solution of the model (13).

5. Data fitting and numerical results

5.1. Data fitting

For the parameterizations of the model (13), we consider some
of the parameters values from the literature and the rest are fit-
ted or estimated from the Wuhan city of China, using the least
curve fitting technique. The real data available sense January

21 to January 28, 2020 are shown in Fig. 3. The total popula-
tion of the Wuhan city for the year 2019 is 8,266,000 [1]. The
life expectancy in China for the year 2019 is 76:79, so we esti-

mate lp ¼ 1=76:79 per year. The parameter Pp is estimated

from Pp=lp ¼ 8; 266; 000, and assumed that this is to be the

limiting population in the disease absence, so
Pp ¼ 107644:22451 per year. For the initial values of the

model variables, we use the total initial population
Wuhan China versus model fitting.
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Table 2 Partial rank correlation coefficient (PRRC) values of

R0 with corresponding p-values.

Parameter Description PRCC

values

p

values

Pp Birth rate 0.3603 0.0000

lp Natural mortality rate �0.8589 0.0000

gp Contact rate 0.4111 0.0000

w Transmissibility multiple 0.2435 0.0000

gw Disease transmission coefficient 0.5799 0.0000

hp The proportion of

asymptomatic infection

�0.1991 0.2744

xp Incubation period 0.4359 0.0000

qp Incubation period 0.3195 0.0000

sp Removal or recovery rate of Ip �0.3323 0.0000

sap Removal or recovery rate of Ap �0.2766 0.0000

.p Contribution of the virus to M

by Ip

0.3340 0.0000

-p Contribution of the virus to M

by Ap

0.3023 0.0000

p Removing rate of virus from M �0.4738 0.0000

8 M.A. Khan, A. Atangana
Np 0ð Þ ¼ 8; 266; 000, so that Np 0ð Þ ¼ Sp 0ð Þ þ Ep 0ð Þ þ Ip 0ð Þþ
Ap 0ð Þ þ Rp 0ð Þ. The initial value for the infected people

to be considered from the data is Ip 0ð Þ ¼ 282, we assume

that there is no recovery from the infection yet, so
Rp 0ð Þ ¼ 0;Ep 0ð Þ ¼ 200000;Ap 0ð Þ ¼ 200;Sp 0ð Þ ¼ 8065518 and

M 0ð Þ ¼ 50000. Using these initial values and simulated the
model (13), we obtain the values of the parameters shown in
Table 1, where as the basic reproduction number is estimated

R0 � 2:4829. The data fitting versus model (13) is shown in
Fig. 4 when q ¼ 1.
Fig. 5 Partial rank correlation coefficient (PRCC) re
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5.2. Global sensitivity analysis

The main purpose of the sensitivity analysis for an epidemic
model is to investigate the dominant factors associated with
a certain interventions that affects the disease dynamics

greatly. We do the sensitivity analysis by using the techniques
as a combination of Latin hypercube sampling (LHS) and
PRCC to find out the associated factors that are considered
to influential. This PRCC technique is considered to be reliable

and the efficient method in order to measure monotonic and
nonlinear association among inputs and output results in the
model. The sensitivity analysis gives the PRCC and the associ-

ated p-values, by which one can determine uncertainty level in
an epidemic model. The most dominant parameters associated
to an epidemic model are to be those who has small p-value

while having high PRCC.
We present the PRCC analysis in order to determine the

parameters that play essential role in contribution to variations

in the outcome of the basic reproduction number R0. The
parameters used in the present analysis are given in Table 2
including their PRCC and p-values and the PRCC results as
bar-graph is shown in Fig. 5. It can be observed from Table 2,

that the most sensitive parameter is lp with the high PRCC

value followed by gw; p;xp; gp;Pp, .p; sp; qp;-p; sap;w, hp.

5.3. Numerical results

In the present section, we consider the model (13) and using
the parameters values shown in Table 1 to obtain the graphical

results. The time unit is taken in days. Fig. 6 describes the indi-
viduals behavior for different values of the fractional order q.
Fig. 7 is obtained by varying the initial values, which shows the

asymptotical stability of the endemic equilibrium.
sults for significance of parameters involved in R0.

of novel coronavirus (2019-nCov) with fractional derivative, Alexandria Eng. J.
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Fig. 6 The dynamics of corona virus model for different q.
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6. Conclusion

We presented the mathematical modeling and the dynamics of
novel corona virus (2019-nCoV) which is emerged recently in
Wuhan China. We presented a brief details on the available
Please cite this article in press as: M.A. Khan, A. Atangana, Modeling the dynamics
(2020), https://doi.org/10.1016/j.aej.2020.02.033
resources that take place in the generation of infection and for-
mulated the mathematical model. The mathematical results for
the model are obtained. We found that the corona virus model
is locally asymptotically stable when R0 < 1. Further, we for-

mulated a fractional model in Atangana-Baleanu derivative.
of novel coronavirus (2019-nCov) with fractional derivative, Alexandria Eng. J.
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Fig. 7 The dynamics of corona virus model with various initial conditions.

10 M.A. Khan, A. Atangana
The real sadistical data were fitted to the model for the integer
case q ¼ 1. We found the basic reproduction for the given data

is R0 � 2:4829. For the solution of the fractional epidemic
model, we presented a numerical scheme and obtained various
Please cite this article in press as: M.A. Khan, A. Atangana, Modeling the dynamics
(2020), https://doi.org/10.1016/j.aej.2020.02.033
graphical results. The decreasing of the fractional order
parameters leads to decrease the infection in the infected com-

partments. We believe that this model is the beginning of the
disease dynamics with not enough data in hands and also the
of novel coronavirus (2019-nCov) with fractional derivative, Alexandria Eng. J.
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infection is not yet control, so, we will study in future a clear
picture of the Wuhan virus through mathematical model with
complete record of outbreaks.
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