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Fractal kinetics of COVID-19 pandemic (with update 3/1/20)
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Abstract

We give an update to the original paper posted on 2/17/20 — now (as of 3/1/20) the China deaths
are rapidly decreasing, and we find an exponential decline to the power law similar to the that predicted
by the network model of [Vazquez| [2006]. At the same time, we see non-China deaths increasing rapidly,
and similar to the early behavior of the China statistics. Thus, we see three stages of the spread of the
disease in terms of number of deaths: exponential growth, power-law behavior, and then exponential
decline in the daily rate.

(Original abstract) The novel coronavirus (COVID-19) continues to grow rapidly in China and is
spreading in other parts of the world. The classic epidemiological approach in studying this growth is to
quantify a reproduction number and infection time, and this is the approach followed by many studies
on the epidemiology of this disease. However, this assumption leads to exponential growth, and while
the growth rate is high, it is not following exponential behavior. One approach that is being used is
to simply keep adjusting the reproduction number to match the dynamics. Other approaches use rate
equations such as the SEIR and logistical models. Here we show that the current growth closely follows
power-law kinetics, indicative of an underlying fractal or small-world network of connections between
susceptible and infected individuals. Positive deviations from this growth law might indicate either a
failure of the current containment efforts while negative deviations might indicate the beginnings of the
end of the pandemic. We cannot predict the ultimate extent of the pandemic but can get an estimate of
the growth of the disease.

1 Update 3/1/20

Since the original posting of this paper on February 17 (which we are leaving intact below for comparison),
the epidemic has fortunately slowed down considerably in China, and the current number of deaths there
is 2,873 (3/1/20). At the same time, the number of deaths outside of China (equal to 104) is growing very
rapidly, almost exponentially. Therefore we now separate out the China cases from the non-China cases.

In Fig. [1]is a log-log plot of the deaths in China, showing a fit of the power-law behavior we saw before,
fit for the days 1/28 to 2/16. It can be seen that the power-law we saw before continued for a few more days
until about 2/20, at which point the mortality began to decrease markedly.

In Fig. 2] we show the number of deaths in China each day, now plotted on a log-linear plot, and we see

a sharp cutoff during the last week or so.
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Figure 1: Deaths in China vs. Time (days since 1/21) on a log-log plot), and (inset) on a log-linear plot.
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The line is fit through the points filled in red, from day 8 (1/28) to day 27 (2/16). Data from |World Health
[Organization| [2020].
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Figure 2: The daily number of deaths in China vs. Time (days since 1/21/2020) on a log-linear plot
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The predicted new deaths is fit using the estimates reported in Tab. [2| Data from [World Health
[Organization| [2020].
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Figure 3: Total Deaths vs. Time, China and non-China on a log-linear plot
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To align the trends, we subtract 31 from the timing of the data points from outside of China. Data from
[World Health Organization| [2020]. Data from non-China cases up to March 1, 2020.
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The power-law (fractal) behavior that we postulated is related to the properties of the networks that
carry out the propagation of the disease. [Vazquez| [2006] developed a network model in which the daily

number of new cases n(t) in an epidemic follows a power-law with an exponential cutoff:
n(t) = Kt®e t/t (1)

We have fit the data of China deaths to this function, and find K = 0.0854, z = 3.09, and ¢ty = 8.90 days
(the time constant of decay), and this fit is shown in Fig.[2] Note here that the exponent (3.09) is somewhat
above the value 2.28 that we were finding by a fit of a simple power law.

This can be integrated to find the total number of deaths as a function of time, in terms of the Gamma
function I'(z) and the incomplete Gamma function T'(a, z):

N(t) = /Ot n(u)du = Kty ™" (F(x +1)-T (a? +1, t)) (2)

to

This plot is shown in Fig. [2] and we see a fairly good fit to the data.

The number of deaths outside of China has been growing rapidly. For several days it has been grow-
ing nearly exponentially, doubling every two to three days, but doe now appear to have slowed down a
bit(although there are questions whether accurate data is being reported from one of the major hotspots,
Iran). In Fig. [3] we show a log-linear plot of the deaths for the past 6 days, along with the deaths in China
shifted by 31 days, and one can see somewhat similar behavior but fortunately with a downturn recently. We
cannot predict any ultimate behavior for this behavior, but perhaps it will soon enter a power-law growth
regime, before it enters the final stages.

It is likely, with the normal international travel in the months of December and January, that the virus
has been spread to many parts of the world, and cases have not been properly diagnosed. Thus we expect
additional flair-ups to appear in different places in the world. But hopefully, with better understanding
and appreciation of the disease, and appropriate responses, these flare-ups will be contained and a global
pandemic can be averted.

Since we wrote our paper (and before as well), numerous papers have appeared modeling the epidemiology
of the disease.

Li et al.| [2020] confirm the power-law behavior we proposed for deaths in China, and also find power-law
behavior (but with different exponents) for the number of infections and the number of recoveries. Fitting
the number of cases to a quadratic on the log-log plot, they predicted an effective end of the epidemic around

March 3 with a total of 83,000 cases, which so far has been well born out.
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Numerous papers have considered compartment models and other methods to model the evolution of the

epidemic Li [2020], Gamero et al| [2020], Rabajante [2020], [Li and Feng| [2020], [Peng et al|[2020], Chen et al|

[2020], Hu et al.| [2020], Maier and Brockmann| [2020], |Li et al.| [2020], Zhou et al.| [2020], Xu et al|[2020],

[2020]. These tend to predict an S-shaped curve with a tapering off in the near future as is being
seen. These models depend upon assumptions of the reproduction rate, incubation period, etc.
The authors thank Greg Huber, Ginestra Bianconi, and Youjin Deng for discussions and communications

related to this work.
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2 Original article

The number of cases of novel coronavirus 2019 n-CoV (which has recently been renamed as COVID-19) that
started in China less than three months ago has been growing rapidly, pointing to a high infectivity. The
mortality rate seems to fall somewhere between the common flu (0.1%) and the SARs coronavirus (10%).
In Figs. and we plot the total number of confirmed cases and total number of reported deaths, as a
function of the number of days beginning with January 21, 2020, when the WHO first started reporting on
this pandemic in its Situation Reports [World Health Organization) 2020]. Both cases and deaths continue
to grow at an alarming rate.

Figure 4: Raw Trends in COVID-19 Cases and Deaths
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Note: Data from |World Health Organization| [2020].

In standard epidemiological analysis, one assumes that the number of cases in diseases like this one grows
exponentially, based upon the idea of a fixed reproduction rate. If each person infects n other people where
n > 1 (the reproduction number), then the total number of cases should grow as nt/7 = e where T is the
incubation time, which depends on the characteristics of the particular disease. Several studies of COVID-19
have taken this approach to model the number of cases [e.g., |Zhao et al) 2020]. This assumes there is no
inhibition due to the interaction with already infected people, quarantine, or other prophylactic measures.

While the data display large growth, they do not in fact follow exponential behavior. In the inset in
Fig. [5| we show a log-normal plot of the mortality data, and the behavior is clearly not linear as it would be
for exponential growth. In contrast, we find that the data are very well fit by assuming a power-law behavior
with an exponent somewhat greater than two, as shown in the log-log plot in Fig. |5l The non-integer value
of this power-law suggests a fractal type of behavior of the susceptibility mechanism, as we discuss below.

First we notice that the total number of deaths in Fig. appear to be growing in a roughly quadratic
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form (see Tab.|l|in Appendix A for the estimates of the quadratic fit), while the number of confirmed cases
shown in Fig. appears to follow similar behavior but is slowing down in the last few data points. There
could be measurement error due to multiple factorsEI Starting on February 7, those individuals who test
positive for COVID-19 but show no symptoms are no longer being reported as confirmed cases [Cohenl
2020]. We focus our analysis on deaths to circumvent some of the ambiguities of reporting confirmed cases,
assuming that deaths are a more reliable indication of the extent of the disease. (However, there are reports
that some deaths might be reported as due to other causes, such as severe pneumonia, and not attributed
to this virus, so these numbers may also be inaccurate. Still, one set of data should give a good indication
of the general trend of the pandemic.)

Growing as t? is what one would expect if a disease were growing in a population at the periphery of
a compact region of infection. We believe that this is more likely than an exponential growth, because
the number of susceptible individuals around an infected individual decays with time. Individuals already
infected might face increased immunity and there are other individuals who might have had a mild infection
that imparts immunity but without developing symptoms warranting testing. These various effects would
inhibit the exponential growth of the virus.

We find that a power-law provides a better fit to the data than a simple quadratic, as postulated by
Brandenburg [2020]. In Fig. we plot the number of total deaths vs. time on a log-log plot. As Fig. |§|shows,
considering all of the time periods (excluding report #24) from January 21 to February 15 (1-27 on the
horizontal axis), the estimated coefficient is statistically indistinguishable from 2. However, removing just
the first period period (2-27 on the horizontal axis), the estimated coefficient is statistically larger than 2.
As more periods are removed, the coefficient moves farther away from 2. Even at this preliminary stage with
few data points, this illustration suggests that a power-law fit is more appropriate than a quadratic one.

For illustration purposes, consider periods 8-27. The estimated coefficient is approximately 2.27 (the
bootstrapped standard error with 5,000 replications is 0.014). This would imply that as the number of days
of the pandemic increases by a factor of 21/2-27 = 1.357, the number of cases will double. Thus, starting
from day 27 (Feb. 16) with 1,669 deaths, the number of deaths will double to approximately 3,340 on day
37 (Feb. 22), and then double again to 6,680 on day 50 (March 10), and double again to 13,350 on day 67
(March 27). This is a large number of fatalities, but not nearly as large as if the growth were exponential.
On the other hand, it is larger than some epidemiological models have been predicting.

The appearance of a fractional exponent and power-law behavior suggests an underlying fractal process.

Based upon a kind of small-world interaction network where individuals have many local neighbors and

1Some of these factors includes misrepresentation of the number of confirmed cases, and varying the criteria used for the
identification of the disease. These have been discussed in news reporting [Wang] 2020, BBC| |2020|. This analysis does not aim
to quantify any intentional bias in the reported data.
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Figure 5: Total Deaths vs. Time (days since 1/21/2020) on a log-log plot (main plot) and log-normal plot
(inset)
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Note: The red line in the large plot corresponds to the power-law fit for periods 827, omitting 24, i.e., 1/28/2020 to
2/15/2020, omitting spurious data for 2/13/2020. Data from [World Health Organization| [2020].
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occasional long-range connections (such as caused by people traveling on trains, boats and planes). The
results imply that this network has an effective minimum path fractal dimension of 2.25. The implication is
that the disease produces flares in which the growth is momentarily exponential, but then slows down until
another flare-up. The averaged effect of this growth apparently yields a power-law.

Wu et al.| [2020] suggest that if the pandemic spreads into new cities, exponential growth like what
happened in Wuhan in the early stages would occur. Hopefully, if this were the case, it would be quickly
stopped and slower behavior would ensue. But our prediction of approximately 13,350 deaths by March 27
relies on the assumption that a new major outbreak will not happen. [Hermanowicz| [2020] and Roosa et al.
[2020] have recently modeled the disease using a logistical and other growth models. These models are able
to predict the ultimate number of cases, and find results in the range of 20,000 to 60,000. We believe the
numbers will be much greater, and expect a number of deaths in this range, if the fractal growth continues
as it has for a few more months.

We have followed our prediction for several days and have found no marked change in behavior, except
for the data from WHO Situation Report #24, which gave an outsized jump of 254 cases to a total of 1,369
deaths. Reports stated that the data from China were incorrect that day because of double-counting of the
results, but so far the WHO has not revised report #24. Looking at the large deviation from our prediction
in fact led us to suspect that that data point was an outlier at the time.

In recent days there has been a drop-off in the growth of new confirmed cases from China, suggesting
an attenuation of the pandemic. We do not see that drop-off in the death rate. There are two possible
explanations for this discrepancy: (1) the number of confirmed cases may be showing the variability as it has
in the past, and the current numbers are not capturing the actual situation, or (2) the pandemic is indeed
slowing down but it will take a while (perhaps a week) for that to show up in the fatality data. Of course, we
hope the latter is the case, but are not entirely confident considering the history of the reporting problems
concerning this pandemic.

Deviations above this power-law behavior might indicate that the pandemic is expanding from the current
level of control, while deviations below might indicate that the disease is starting to fade. This analysis is
early in the outbreak of COVID-19 and cannot predict the length of the outbreak nor the final fatality.
However, it suggests that under current conditions, power-law growth better approximates the number
of deaths than exponential growth, and may provide a tool to monitor whether a fundamental change is

occurring. Hopefully, continued vigilance, timely testing, and careful care will end this scourge on humanity.

The authors report no funding related to this research and have no conflicting financial interests.
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A Statistical Testing

Table [1] lists the estimated coefficients from the regression Deaths = By + Sitime + Botime? + €, where ¢
is assumed to be time-independent and Normally distributed. We also report bootstrapped standard errors
in brackets, which are more conservative in this small-sample context. See [Efron and Tibshirani [1994] and
Horowitz| [2001] for introductions to the bootstrap method.

In Fig. [6] the confidence intervals are calculated as follows. First, robust standard errors are calculated
to account for heteroskedasticity. These standard errors are more conservative, which is advantageous con-
sidering our small sample size. Next, we calculate the critical value (the 95th quantile) from a ¢-distribution
with n — 2 degrees of freedom. The value n changes with each point along the z-axis. As fewer periods are
considered, the critical value increases. The degrees of freedom is a function of this n, but subtracting two
to account for the fact that two parameters are estimated (S, 81). The standard errors are quite small for
these calculations. Considering periods 2-27 produces a bootstrapped standard error of 0.033, using 5,000
bootstrap replications.

Fig. [7] shows the estimated power-law exponents starting at period 8 and adding more periods forward.
This mirrors our process of testing this model as more data were published on the number of deaths. The
coefficient is stable. The confidence intervals are calculated analogously to those in Fig. [6] Note that data
at period 24 are omitted due to probable inaccuracy, as we discuss above.
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Table 1: Estimates of a Quadratic Model of Deaths

Time 1.954
(4.065)
[4.504]
Time? 2.123***
(0.122)
[0.132]
Constant -39.46
(23.84)
[29.23]
Observations 36
R? 0.996

Note: Parametric standard errors are in parentheses, bootstrapped standard errors are in square brackets. We perform 5,000
replications. Data from World Health Organization| [2020]. *(p < 0.05),** (p < 0.01),*** (p < 0.001).

Figure 6: Power-law Coeflicients, Dropping Earlier Periods
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Note: The coefficients are the ordinary least squares estimates of 81 in the regression log(Deaths) = Bg + (1 log(time) + &
where € is unobserved and assumed to be time-independent and distributed according to a t distribution with n — 2 degrees of
freedom. Robust standard errors are calculated for suggestive inference, considering the small sample size. Data from [World
Health Organization| [2020].
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Figure 7: Power-law Coefficients, Dropping Later Periods
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Note: The coefficients are the ordinary least squares estimates of 81 in the regression log(Deaths) = Bg + (1 log(time) + &
where ¢ is unobserved and assumed to be time-independent and distributed according to a t distribution with n — 2 degrees of
freedom. Robust standard errors are calculated for suggestive inference, considering the small sample size. Data from [World
Health Organization| [2020].
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Tab. [2| displays the estimates of the mixed power law and exponential model. Given that the disease has
been in China the longest, we estimate perform the estimation on only China. We exclude periods 24 and
25 (2/13/2020 and 2/14/2020) to estimate the coefficients. The estimates are significant.

Table 2: Estimates of a Mixed Power Law and Exponential Model

x 3.080***
(0.441)
[0.576]

—1/to -0.113%**
(0.0221)
[0.0308]

log(K) -2.460**
(0.850)
[1.087]

Observations 28
R? 0.844

Note: This table displays the estimates from Eq. Parametric standard errors are in parentheses, bootstrapped standard
errors are in square brackets. We perform 5,000 replications. Data from [World Health Organization| [2020].
*(p < 0.05),** (p < 0.01),*** (p < 0.001).

The replication files include a .x1sx file of the compiled reports from [World Health Organization| [2020].
These data are publicly available, but we condense the information used in this report. A .do file contains
the STATA code to clean the data, perform the statistical analysis, and produce the plots. A machine-specific
environment variable needs to be set with the accompanying file structure. Once this is set, the code will
run seamlessly on any machine with STATA installed. The Matlab file is only used to create a graph.
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