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Abstract

The empirically-observed dependence of SARS-CoV-2 vaccine efficacy on antibody concentration has
a rational explanation in the statistics of binding of antibody to spike proteins on the virus surface:
namely that the probability of protection is the probability of antibody binding to more than a
critical number of the spike proteins protruding from the virus. The model is consistent with the

observed antibody concentrations required to induce immunity.
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Introduction

The concentration in blood of IgG antibodies against the spike receptor binding domain of the SARS-
CoV-2 virus is well correlated with neutralisation efficacy against the virus ! and appears to be a
useful predictor of breakthrough infection risk for vaccinated or convalescent individuals #3. The
well-documented increase in breakthrough infection risk over time for some months following
vaccination *7 has been attributed to a decrease in IgG concentration, in advance of the
development later of cell-based immunity >7-°. An empirical model for this dependence has been

givenlo 11

and developed into a model describing breakthrough infection risk, and importation risk
stratification using quantitative serology 2. Since the risk model relies heavily on the empirical
correlation of vaccine efficacy with neutralising antibody concentration, it would be useful to find a
physical basis for the correlation and to use this to perhaps develop more confidence in the risk

prediction.

In the following, a simple model for the immune response is developed. The mechanism of antibody
neutralisation of viral infection is complex and depends on the type of virus >4, Given current
knowledge that vaccine efficacy is (at least for some months) determined by the concentration of

neutralizing antibodies, is assumed that the mechanism is simply antibody binding to the spike
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protein blocking the virus binding to host cells !> *°, Potent antibodies indeed block binding of the

virus to its receptor 2°.

Model

Let N denote the total number of spikes per virus particle. The number is variable from one particle
to another, distributed over the range 10 — 40 with median around 25 -8, Let s denote the number
of antibody molecules bound on a particular particle. We suppose that there is some threshold
number of sites, (N —s*) that must be unoccupied in order that there is a significant probability that
a virus particle may bind to and infect a cell. We therefore wish to calculate the probability that the
number of occupied sites is greater than or equal to s*, P(s>s*), as a function of the antibody
concentration in the medium surrounding the virus particle.

The question is therefore : what is the probability distribution for the number of antibody molecules

bound per particle. The system can be represented by a state diagram:

A
1' > > > S ’
A2

where A; denotes the frequency of adsorption of molecules to a particular particle and A, the
frequency of desorption. A simplifying assumption is that the diameter of the virus particle and
number of spikes/particle are such that the spacing of the spikes is significantly larger than the
antibody dimensions so lateral interactions between bound antibodies can reasonably be ignored.

The objective is to calculate the probability of a given state for a particular particle.

The transition frequencies, A1 and A, are dependent on the site occupancy: the rate of binding to a
particle is proportional to the collision frequency of antibodies with unoccupied sites, hence
dependent on the fraction of the particle area that is unoccupied, hence on the fraction of
unoccupied sites, whilst the rate of desorption is proportional to the number of occupied sites.
Hence for the exchange between state (s-1) and state s, where ¢ denotes the solution concentration

of antibody

s—1
/11,5—1 = konc(l - N )

/12,5 = koffs

The occupancy probability, p(s,t) , is determined as follows *°:

[probability that occupancy of a particleis sattime t] =
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[probability that the occupancy was (s-1) at (t-6t) and that one further antibody was captured in the
interval (t-6t)tot ]

+ [probability that the occupancy was (s+1) at (t-6t) and that one antibody was desorbed from the
surface in the interval (t-6t) to t ]

— [probability that the occupancy was at s at (t-6t) and that antibody was captured or lost in the
interval (t-6t)to t ]:

p(s,t) =p(s — 1Lt = 8t)A; 516t + p(s + 1,t — 6t) Ay 5416t + p(s,t — 6t)(1 — Ay 6t — A, (6t)

Hence, altering the notation : p(s,t) = ps, and substituting for A

dps
d_pt = ps—lll,s—l + ps+1/12,s+1 - ps(/ll,s + /12,s)
-1 -1
= ps—lkonc (1 - ST) + ps+1koff(5 + 1) —Ds (konc [1 - ST] + koffs) - (1)
For the state O, from which there is no antibody desorption,
d
% = p1kosr — PokonC (2)

The initial condition is: p(0) =1 at t = 0 and furthermore Z’S":O ps = latanyt.

The solution for the time-varying probabilities can be obtained numerically. The solution for the
steady-state occupation probability is obtained by setting the derivatives to zero and solving
recursively starting with the determination of p; from eq(2), applying eq (1) to obtain successively

the ps, and applying X _,ps = 1 to obtain po.

- _ konc _ (1 N! .
Thus, defining z = Koy and 7y = (S!) (—NS(N_S)!) gives:

Ps = rsZS/leV=0 152° (3)
If N is very large and the total occupancy is sufficiently small, then p; follows a Poisson distribution:

ps = = exp(~2).

For arbitrary N,

P(s = 5") = ¥ . 1s2° /X o 152° (4)

The dimensionless concentration, z, is the ratio of the antibody solution concentration to the

antibody affinity for the binding site.

Infection also requires some dose of virus be received. Suppose that the dose, D, across an exposed
population is described by a probability distribution P(D) . Then, in the presence of antibody, within

some dose, D, the number of virus particles that are infectious would be P(s > s*)D . Suppose that a
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‘critical dose’, D*, is required to trigger an infection. The probability of infection would then be

foo P(D)dD/fOOO P(D)dD . In the presence of antibody, the vaccine efficacy, E, = (number of

infections amongst vaccinated people / number of infections amongst unvaccinated people) with

exposure and transmission probability the same in each group, would be:
E=[P(s=s)P(D)D/[ " P(D)dD = P(s = s*) [, P(D)dD/[;” P(D)dD (5)

That is, the dependence of vaccine efficacy on antibody concentration would be just the dependence

of P(s 2 s*) on concentration, calculated according to equation (4).

Results and Discussion
Figure 1 shows the variation of P(s>s*) for various values of N and N-s*. The line is fitted to the log-
logistic function used by Khouri et al '* empirically to derive the dependence of vaccine efficacy, E,
on IgG concentration, c :

E = 1/[1+ exp (—k(Inc —Incsg))] = 1/[1 + (c50/¢)*] = 1/[1 + (250/2)¥] (5)

Where the dimensionless concentration, z, has been substituted.

By attributing vaccine efficacy to the probability that more than a critical number of binding sites on
the virus should be occupied by antibody, the statistical model captures this general behaviour and
demonstrates the dependence of the critical parameter, zsp on the assumption made regarding the
critical site coverage, s*, and on the total number of binding sites / particle, N. Since z is proportional
to antibody affinity, the model captures also the effect of this and attributes the difference between
different vaccines to both the concentration and the affinity of the antibodies induced by
vaccination. Figure 2 shows that the parameter zsp, interpretable as the median antibody
concentration relative to affinity required to achieve 50% blocking, varies strongly both with the

number of binding sites, N, and the threshold site occupancy required to cause blocking, s*.

Khouri et al ** give k = 0.87 with 95% confidence interval 0.96 — 1.82 . Figure 3 shows the variation of
k determined for the statistical site-binding model for different values of the total number of sites,

17,18 and with different values assumed for the

N, that span the range given for the SARS-CoV-2 virus
threshold number of sites left uncovered in order to induce infection, N —s*. This number is
unknown. It may be that virus binding to target requires multiple spike interactions, from spikes that
are randomly separated, or may require adjacent spikes, or may be effective with just one spike
uncovered. The infection may be ‘land and stick’ or ‘land and seek’ %°. The probability that a collision

between virus particle and cell is a reactive collision leading to infection would be different for each

of these scenarios.
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Figure 1 Probability of site occupancy, s > s*, against dimensionless neutralising antibody
concentration, z, for different numbers of spikes on the virus particle, N and various s*; points are

calculated and lines are fits to the log-logistic function, equation 5, with rate parameter k

The values of the rate parameter, k, deduced for different values of N —s* are rather higher than
that deduced by Khouri et al , even for the most stringent neutralisation criterion, that only one site
unblocked on the virus could lead to infection. There are two reasons that can be deduced. First,
there is a distribution of binding site number. Second, It is known that an antibody population with a
range of affinity is induced either by vaccination or by infection & 21, The induced affinity
distribution may depend on the specific vaccine. The effect of a variation of the affinity distribution
can straightforwardly be modelled by introducing a distribution of the parameter zso, whose

variation for a particular antibody concentration would be due to variation of antibody affinity.
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Figure 2 Variation of dimensionless median binding concentration, zsp (equation 5) with total binding

site number, N, and threshold number of vacant sites to allow binding, N - s*.
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Figure 3. Rate parameter k of the log-logistic fit shown in Figure 1 against number of spikes on the
virus particle, for different threshold numbers of unoccupied spikes, N-s*. Symbols O : effect of

introduction of a log-normal distribution of dimensionless concentration, z, equivalent to a
distribution of neutralising antibody affinity, for spike number N = 25 and N-s* = 3; ois the log-
normal standard deviation of affinity. Comparison with the fit of Khouri et al,** describing vaccine

efficacy as a function of neutralising antibody concentration.

Figure 3 shows as a comparison the effect of introducing a log-normal distribution antibody affinity
through a log-normal distribution of zso . With a distribution that is of moderate broadness, the
deduced value of k comes into the middle of the range given by Khouri et al. To come to the bottom

of the range requires a very broad affinity distribution.

The magnitude scale for antibody concentration can be estimated, as a further qualitative check that
the model is sensible. Figure 2 shows that a high degree of protection would require zsp ~ 102 — 103
Human antibodies induced in response to SARS-CoV-2 have a range of affinity (ratio of ‘on’ rate
constant to ‘off’ rate constant, ko.n/kos) With the most potent ~10* M 6, to the receptor binding
domain. Thus, given the deduced range of zso, the expected range of median antibody concentration
would be ~10° — 10® M. Literature data report results in a variety of units, and assay systems are not
directly comparable (as can for example be seen by comparison of the concentration distributions
over the same population measured by several different assays, reported by Ainsworth et al. %).
Data from Roche 2 indicate median convalescent antibody concentration ~ 4 nM and from Wei et
al.?* post-vaccination concentrations in the range 200 — 500 ng / mL (1.5 — 3.5 nM assuming an
antibody molecular weight of 150 kDa) whilst other studies (converting units) show concentrations
above 10 nM ® 5, The antibody concentration range deduced from the model therefore seems

reasonable.

Conclusion

The empirically-observed dependence of vaccine efficacy on antibody concentration has a rational
explanation in the statistics of binding of antibody to spike proteins on the virus surface. The model
is consistent with the observed antibody concentrations required to induce immunity and with the
observed dependence of vaccine efficacy on antibody concentration. It provides a way to constrain
the value of the parameter describing the increase of vaccine efficacy with increase of antibody
concentration and thus is a useful tool in the development of models to relate, for an individual

person, risk of breakthrough infection given measured antibody concentration
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