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Abstract

We study a novel multi-strain SIR epidemic model with selective immunity by
vaccination. A newer strain is made to emerge in the population when a preexisting
strain has reached equilbrium. We assume that this newer strain does not exhibit
cross-immunity with the original strain, hence those who are vaccinated and recovered
from the original strain become susceptible to the newer strain. Recent events involving
the COVID-19 virus demonstrates that it is possible for a viral strain to emerge from a
population at a time when the influenza virus, a well-known virus with a vaccine readily
available for some of its strains, is active in a population. We solved for four different
equilibrium points and investigated the conditions for existence and local stability. The
reproduction number was also determined for the epidemiological model and found to

be consistent with the local stability condition for the disease-free equilibrium.

Introduction

More recently, the anti-vaccination movement has been gaining traction in different

parts of the world. Individuals who do not advocate vaccination commonly cite reasons
such as fear of adverse side-effects, perceived low efficacy of vaccines, and perceived low
susceptibility to diseases amongst others [113]. The drop in numbers in vaccination has

led to outbreaks of diseases such as mumps [4-6] that could have been prevented by
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vaccination. Another example would be measles, which was declared eliminated in the
United States back in 2000, has had outbreaks reported in the country since 2008 [10].
According to the Centers for Disease Control and Prevention (CDC), the reemergence is
due to the presence of unvaccinated individuals and their interaction with other people
who got the disease from other countries such as Israel, Philippines, and

Micronesia [8-10]. According to the CDC, 1,282 individual cases of measles have been
confirmed in 31 states in 2019, the highest since 1994. [10]

Another way for a disease to reemerge is through change in its antigenic properties,
which is the case for the influenza virus. The influenza virus can mutate in two ways:
through antigenic shift or antigenic drift [11-13]. Antigenic drift is defined as the result
of frequent mutations of the virus, which happens every 2-8 years. On the other hand,
the antigenic shift occurs around thrice every one hundred years and only happens with
influenza A viruses [13|. Although more unlikely to happen than the antigenic drift, the
antigenic shift involves genetic reassortment which can make it feasible to create a more
virulent strain than the original strain [13H15].

One way to model the dynamics of an infectious disease is through compartmental
systems. This approach involves separating the population into multiple components
and describing infection and recovery as transitions between the set components. The
simplest compartmental model to describe a viral infection is called the standard
Susceptible-Infected-Removed (SIR) model, the dynamics of which has been studied in
different references |[16H19]. The SIR model separates the population into three
compartments: the susceptible (S), infected (I), and removed (R) compartments. The
susceptible compartment is comprised of individuals that are healthy but can contract
the disease. The infected compartment is comprised of individuals who have already
contracted the disease. Lastly, the removed compartment is comprised of individuals
who have recovered from the disease. Individuals who have recovered from a certain
strain of a viral infection are likely to be immune to infection of the same strain [20L[21],
which is why the SIR model is used to model viral infections. SIR models can provide
insight on the dynamics of the system and has been used to model different influenza
virus strains such as the swine and avian flu focusing on the spatio-temporal evolution
and equilibrium dynamics of the system for both disease free and endemic equilibrium

cases [22127].
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One important parameter resulting from the SIR models is the reproduction number.

The reproduction number of an infectious disease is defined as the expected number of
secondary infections caused by a single infected individual for the whole duration that
they are infectious [28}29]. The reproduction number Ry describes how infectious a
disease can be, and can also be used as a threshold parameter to determine whether a
disease would survive in a healthy population [29].

Modifications of the SIR model have been used to model mutations and changes in
an infectious virus such as influenza (flu). Yaari et al. [30] used a discrete time
stochastic susceptible-infected-removed-susceptible (SIRS) model to describe
influenza-like illness in Israel accounting for weather and antigenic drift by adding terms
that account for weather signals and lost of immunity. Finkenstadt et al. [31] created a
predictive stochastic SIRS model for weekly flu incidence accounting for antigenic drift.
Roche et al. [32] used an agent-based SIR model to describe the spread of a multi-strain
epidemic, while Shi et al. [33] used the same approach and empirical data from Georgia,
USA to model an influenza pandemic that incorporates viral mutation and seasonality.
However, these approaches have been stochastic in nature, which does not provide
information regarding the stability and existence of equilibrium points in an infected
population. The abovementioned articles also do not take vaccination and the presence
of other strains into account in their models. Consequently, one can model the presence
of a mutated virus spreading into a population using a multi-strain model, which was
used in the following studies for avian flu [23}|24]. These models study the birds and the
humans as one population in an SI-SIR model, where the first SI corresponds to the
compartments for the avian species. However, the two infected compartments in this
model do not cross since they are separated by species. Casagrandi et al. [25]
introduced a non-linear deterministic STRC epidemic model to model the influenza A
virus undergoing an antigenic drift. The SIRC model is a modified SIR model with an
additional compartment, C, for individuals that receive partial immunity from being
infected by one of the present strains. Although able to account for cross-immunity
between strains, the model does not include the effect of vaccination into the system.
Papers which have considered vaccination only consider one strain propagating within
the population [3437]. There has been very few studies that investigate the effect of

vaccination in the presence of multiple strains like Wilson et al. did for Hepatitis B [38],
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which did not investigate the equilibrium model in detail.

In the case of the influenza virus, it is possible to have multiple strains exist in a
population, but only have vaccine for a certain strain that will not be effective for
others. The fact that viruses undergo changes regularly indicates that people who have
recovered from the virus, as well as individuals who have been vaccinated for a specific
strain of the virus, can be susceptible again to a newly-emerged strain. It is important
to determine the conditions in which a newly emerged strain and a common strain that
has a means of immunity will coexist in a population.

Another apt example for emerging diseases is the emergence of the COVID-19 virus
in 2019 [39,40]. As of March 17, 2020, there have been 167,545 confirmed cases of
COVID-19 in 150 different countries that has led to 6,606 deaths since it was declared
as an outbreak in January 2020 according to the WHO situation report [41]. At the
time that this paper is being written, there are papers that have modeled the dynamics
of the virus using different modifications of the SIR model. Zhou et. al. [42] included

compartments corresponding to suspected cases, which consists of the individuals that

show similar symptoms but are not confirmed cases, and indirectly infected individuals.

Pan et. al. [43] used a modified SEIR model which included asymptomatic and
treatment compartments for occurrences in Wuhan, China, the city where the outbreak
started, and outside of Wuhan. Maier and Brockmann [44] included a separate
compartment for quarantined individuals in the SIR model to account for the
containment measures applied by the public for the virus. They then estimated the
reproduction number of COVID-19 in different locations in China. It is notable that
this virus emerged during the flu season [45] and had managed to infect a lot of
individuals around the world in such a short time even when the threat of the influenza
virus still exists. This paper will give researchers insight about the conditions in which
one strain can dominate another or if two different strains can coexist in a population,
given that one of these strains has a vaccine available. This paper introduces a model
that approaches the lack of cross-immunity across different viral strains by introducing
new compartments to the SIR with vaccination model. This enables us to introduce
acquired immunity through vaccination and cross-immunity between strains in a simple
compartmental model and investigate the existence and stability of the resulting

equilibrium points.
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We aim to model the dynamics of an epidemic where a new emergent strain of an
existing virus affects a closed population. The existing virus will be modeled using a
modified SIR model with vaccination, however we assume that the vaccine does not
provide immunity to the newer strain. The equilibrium points were determined for the
system based on the transition equations and local stability was investigated for each
point. Once the stability conditions have been established, the epidemic model was
simulated using R [46] to check the steady-state behavior of the surveillance data for
each compartment of the population. The values for the transmission and removal
coefficients were dictated by the existence and stability conditions for each equilibrium

point during the simulation. The reproduction number for the epidemic was also

determined for this modified SIR epidemic model and compared to existing SIR models.

Modelling the emergence of the new strain

This section describes how the emergence of the new strain of the virus will be
incorporated into the model. This emergence can either be due to mutation, antigenic
drift /shift, or an introduction of a different strain from an external source. Assume that
initially, there is only one strain of the virus that exists in the population. Immunity
can be achieved either by recovering from the infection or getting vaccinated. After
equilibrium has been established with the original strain, the new strain is introduced to
the population. The new strain can affect individuals previously infected by the original
strain and those who are vaccinated against the original strain; the only way to be
immune to the mutated strain is to recover from the infection of the new strain. The
next two subsections will explain the dynamics before and after the emergence of the

mutated strain.

Before emergence

The system starts off as a population exposed to the original strain of the virus. The
spread of the virus is described by a modified SIR model that accounts for

vaccination [34]. The vaccinated members of the population can be treated as members
of an additional compartment that do not interact with the infected individuals. This

means that the modified SIR model will have four compartments instead of three, which
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are given by: 132

e Susceptible S: Individuals in this compartment are healthy, but are susceptible to 1

be infected by the disease since they are not vaccinated. 134

e Vaccinated V: Individuals that were given a vaccine, making them immune to the 1

disease. This also includes individuals with natural immunity to the disease. 136
e Infected I;: Individuals that are infected by the disease. 137
e Removed R: Individuals that were infected but are now immune to the disease 138

upon recovery. Because of their immunity, the members of this compartment do 130

not interact with the remaining compartments. 140

Let S, V, I;, and R be the respective number of individuals in the susceptible, 141
vaccinated, infected, and removed compartments. The transition between the 142
compartments is summarized by the compartmental diagram shown in Fig 143

Fig 1. Compartment diagram with transitions for the SIR with vaccination
model. The arrows show the transitions between the compartments, as
well as the exits due to natural death. The transition rates are shown next
to the arrows.

For this model, p be the natural birth rate of the population, and consequently the 14
natural death rate of the population to keep the population size constant. It is assumed s
that the individuals are vaccinated at birth with a vaccination rate p. [ is the standard s
incidence transmission coefficient, which assumes that the infection occurs based on how 17
many susceptible individuals interact with the infected |47]. For standard incidence, the 14

contact rate between infected and susceptible individuals is constant over all infected 149

individuals regardless of the population size [48]. The removal rate coefficient for the 150
infected individuals is denoted by ~. 151
The dynamics of the system is described by ordinary differential equations that 152

describe the rate of change in individuals belonging to a specific compartment. For any 1ss

number of individuals in a general compartment C, the rate of change of membership in 154

the compartment can be expressed by the following equation: 155
dcC .
e (rate of input) — (rate of output) (1)
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where the rates are denoted in the compartment diagram shown in Fig|l}] For the
susceptible compartment S, the rate of increase comes from the birth of new members

of the population who are not vaccinated, which is given by (1 — p)uN. Meanwhile,

SI
susceptible individuals can either get infected at a rate of g N L or die due to natural
causes at a rate p.S. In equation form, this translates to
ds BSITh
— =1 —-puN — —uS 2
il Gl O N T H (2)

For the infected compartment I, the number of infected individuals increase when

ST
! The infected individuals can either

susceptible individuals get infected at a rate
die at a rate of ul; or get removed and not interact with the system again at a rate Iy
when they recover. Translating this to an ordinary differential equation yields

dI

E:BSII/N_VII_MII (3)

Unlike the members of the susceptible compartment, the individuals in the
vaccinated compartment will not get infected by the virus. This implies that the
changes in the number of vaccinated individuals can only be due to the rate of
vaccination in the population and death due to natural causes. Using a similar
approach, the rate equation for the vaccinated compartment V' is given by

av

— =puN — uV 4
o = PN —p (4)

Since the population is closed, the number of individuals in the removed
compartment can be expressed as R = N — S — I; — V. This implies that solving Eqs
[2H4] is enough to describe the system completely at any time ¢. Without loss of
generality, Eqs [2H4] can be normalized with respect to the total population, N, so that
the equations would be invariant to population scaling. This yields the following

equations
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% = (L—pu—Psiy —ps (5)
% = fBsiy — (v +p)i (6)
Z—: = Pn—w @

where (s,41,v) = (S/N,I;/N,V/N) and r = R/N = N(1 — s — i1 — v) are functions
of time ¢. Note that plausible solutions only exist when s(t),(t),v(t), r(t) > 0.

To achieve equilibrium, there should not be any changes in the proportion for each
compartment, which implies that Eqs should be zero. If Eq[0]is zero, then two
conditions emerge: i; = 0 or i1 # 0. The first case corresponds to the disease-free
equilibrium (DFE) point (s(t),41(t),v(t)) = (1 — p,0,p). The latter case corresponds to
the endemic equilibrium point (s*,43,v*). If 43 # 0, then the following condition should

be satisfied

Bs* = (y+p)=0 (8)
Solving for s*, we get
«_ Ot n
§t=—" 9
3 (9)

We can use this result to solve for ] in Eq @ The resulting endemic equilibrium

point (s*,4},v*) is given by,

(st 0y = (L B0 —p) =y — ]

ERN TR o

According to Chauhan et. al [34], the reproduction number of the disease for the
vaccinated SIR model is given by R, = Ro(1 —p) = (1 — p)/(y + p). This means that
the endemic equilibrium point will be asymptotically stable if R, > 1, while the DFE
will be asymptotically stable if R, < 1. The reproduction number will be discussed in

the section “Reproduction Number”.
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Emergence of new strain

Suppose that at time T when equilibrium has been achieved in the SIR with vaccination
model, a new strain of the disease is introduced to the population. This new strain will
have a different transmission coefficient 8’ and removal rate coefficient 4’. This results
to the existence of another compartment I for those who are infected with the new
strain, which we will refer to as Disease 2.

The existence of the newer strain will be constrained by the following assumptions:

e Since the vaccine is assumed to only work on the original strain, the vaccinated

and the previously removed individuals are susceptible to the newer strain.

e Once infected by the newer strain, the individual cannot be infected by the
original strain. The individuals infected by the newer strain will be removed from

the population or die.

e Individuals infected by the original disease have to be removed first before being
susceptible to the newer strain; meaning that there is no chance of super-infection

This means that the number of compartments that need to be monitored will increase

from four to six, with the addition or modification of the following compartments:

e R;: Individuals who have recovered from the original strain but are now

susceptible to the newer strain.
e I,: Individuals who are infected by the newer strain.

¢ R,: Individuals who were previously infected by the newer strain but have now

been removed due to recovery or treatment.

The members of the vaccinated compartment, which was initially an isolated
compartment, can now be infected by the new strain. The same can be said for the
individuals who have recovered from the original strain. For mathematical simplicity,
the infection coefficients for the new strain are assumed to be the same for the
susceptible, vaccinated, and initially recovered compartments.

These assumptions and the increase in number of compartments also introduce the

possibility of new transitions between compartments as shown in Fig [2}
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Fig 2. Compartment diagram for the emerging disease model. The
transitions between compartments, together with the corresponding rates,

are described by the arrows directed in and out of each compartment.

As in Chauhan et. al’s [34] work, the standard incidence was used to model infection

of the susceptible individuals for the newer strain. Based on Eq[l| and the compartment

diagram in Fig[2] the dynamics of the system can be expressed in terms of the following

ordinary differential equations:

and r9 =1 — s —1i; — v — 11 — i3. Similar to the simple SIR with vaccination

ds
dt
din
dt
dv
dt
dry
dt
diz
dt

(1 —p)p — Bsiy — f'siz — ps

Bsiy — (v + p)is

(p)u — Bvig — pw

yiy — fB'rig — pr

B'(s+v+r)iz — (v + p)ia

scenario, the solution for the variables should follow the constraint

s(t),i1(t), v(t),i2(t),r1(t), r2(t) > 0 for any time ¢.

To solve for the equilibrium points of the system, Eqs should be equal to zero.

Wolfram Mathematica [49] was used to obtain solutions for the system of equations,

which are the following:

1. DFE: (SailvvvrlaiQ) = (1 _p70ap5070)

2. Original strain equilibrium:

(SvilavarlaiQ) = <

3. New strain equilibrium:

(37i17U7T1ai2) = <

y+p plB(l—p)—v—y

Y[B(L —p) =~ —p]

g’ By + 1) ” By + )
(Lﬂwﬁ+u)oﬂu+y) plB = (v + p)]
B/ » 5/ » 5/ (’7/ + M)

4. Endemic equilibrium: (s,i1,v,71,42) = (8%, 41", 0%, r1*,i2")

)

9

The second equilibrium point corresponds to the scenario where only the original

strain is present. Applying the constraint for the plausible solution, the original strain

equilibrium exists if
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Bl—p)—v—pu>0—->R,>1 (16)

where R, = Ro(1 —p) = B(1 — p)/ (v + p) is the reproduction number of the original
strain for the SIR model with vaccination [34].
The third equilibrium corresponds to the scenario where only the new strain survives.

For this equilibrium point to exist, the following condition should be satisfied:

B =~ —pu>0—R)>1 (17)

where R, = 3'/(+' + p) is the corresponding reproduction number of the newer
strain if modeled using a standard SIR model.

Equilibrium point 4 is the endemic equilibrium where

& = WTM (18)
ipr = MBA =P +p) — By + )] (19)
(Y +mBOY +p) = up']
o = PO+PBO +p) — pb] (20)
BB (v + pu)
o= B =P+ ) = By + )] (21)
BB (v + p)
i = Ao+ )Ws — B0+ ) + B8 (y + pu)] (22)

(v +m)B' B + 1) — B

For the endemic equilibrium to exist, the following condition should be satisfied:

Ro(1-p) > Ry (23)

The next section will discuss the local stability of the four equilibrium points.

Stability analysis and simulations

After solving for the equilibrium points, we need to determine the conditions in which
these points are stable. These conditions dictate which equilibrium will describe the

steady state behavior of the system. The local stability of the equilibrium points will be
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determined based on the eigenvalues of its Jacobian evaluated at a specific equilibrium
point [17]. Let Co = (C1,Ca,...)T be the vector of the population number of each
compartment. For a general compartment C;, the components of the Jacobian, J;; can

be obtained using the following equation:

0 (dC;
(alle-cs = 5 (G2 )] 24)
! G \ dt )|o_g,
For our system, the Jacobian of the system can be obtained by applying Eq [25] to

Eqgs For any equilibrium point, (3,141, 9, 7, i) yields

—Biy = Bia — —p5 0 0 '
Biy Bs—(v+n) 0 0 0
J= 0 0 Bh-p 0 —B's
0 ¥ 0 —Bi—p g7
Blis 0 Bli Bli Bls+o+7)— (Y +n)

Local stability is attained when the eigenvalues of the Jacobian, A, are negative or
have negative real parts. In other words, the solutions for A such that det(J — 1A) =0
should be negative or have negative real parts if the solution is complex [50].

Simulations will then be used to check if the system approaches the equilibrium
point. As described in the previous sections, the system starts as a one-strain SIR
model with vaccination as discussed in the section “Modelling the emergence of the new
strain” with the following values for the parameters: p = 0.2 (birth/death rate) and
p = 0.7 (vaccination rate). For this simulation, the time is discretized in terms of the
average time between compartment interactions, i.e. the average time it takes for
individuals to transition from one compartment to another. At time ¢ = 0, we allow 1 %
of the population to be infected by the original strain and the system is made to evolve
in time using the values of infection coefficients 8 and removal rate v that satisfies the
respective requirements for the Reproduction number for each equilibrium point to
exist.. The new (mutated) strain was made to emerge at time point ¢t = 100, when we
expect the system to be in equilibrium. The new strain is introduced to the population

by infecting 1% of the susceptible population with the newer strain. The evolution will
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then be dictated by the modified multi-strain SIR model developed in Section
”Modelling the emergence of the new strain” using values for 5’ and 7’ that satisfy the

conditions for R{, for each equilibrium point to exist.

Disease free equilibrium (DFE)

The Jacobian for the DFE can be obtained by substituting the respective values to

(8,i1,0,7,iz) in the expression for the Jacobian. This yields:

(- —B(1-p) 0 0

0 Bl-p)—(y+w) 0 0 0
J=1 0 0 —u 0 —B'p (25)
0 ol 0 —u 0
\ 0 0 0 0 B —(+n

and the corresponding characteristic equation is
A=)\ =B1—=p)+~v+p) (A= B +9"+ p) = 0. This means that the eigenvalues are
A=—p,—p,—u, (1 —p) —v—p, B —~" — p. Recall that for the DFE to be locally
asymptotically stable, all eigenvalues should have negative real parts. Hence, the

following conditions should hold:

mRo(lp)<1 (26)
’y’iu =Ry<1 (27)

This is consistent with the local stability of the disease-free equilibrium for the
regular standard incidence SIR and the SIR with vaccination models [34]. The
conditions stated in Eqs and [27] give us the threshold conditions of the transmission
and removal coefficients for this model, which is related to the basic reproduction
number of the model to be discussed in “Reproduction Number” section.

Eqgs [26] and [27] also imply that if the system is in DFE before the emergence and the
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reproduction number of the emergent disease is less than that of the original disease,
then the system will remain in DFE in the long run. Fig|3|shows the simulation of the
DFE using parameters that satisfy Eqs [26] and Note that the plot legends will be
the same for the succeeding surveillance plots for the other equilibrium plots. The plot
shows that the proportion of vaccinated individuals (v), denoted by the solid blue line,
and the proportion of susceptible individuals (s), denoted by the solid black line,
remained relatively constant at long times. Since the vaccination rate is set to be 0.7,
we expect more individuals to be vaccinated than susceptible. Due to the emergence of
the new strain at time point t=100, there appears to be a slight dip in s but it quickly

stabilized to the disease free equilibrium.

Fig 3. Surveillance data of the compartments for the disease free
equilibrium. The reproduction number of the original strain is Ry = 0.67,
while the reproduction number of the emergent strain is R, = 0.4. The
vaccination rate used is 0.7.

Disease 1 equilibrium (Original strain)

For this equilibrium scenario, i; # 0 and since Eq [12]is equal to zero then

Bs1—(y+mp) =0 (28)

where s; is the equilibrium value corresponding to the susceptible compartment for the
Disease 1 equilibrium. We can calculate the resulting Jacobian for Equilibrium point 2
by substituting the corresponding values to the Jacobian equation given in Eq The

Jacobian is then given by,

uB(1 —p) LA
31— e ’
0 0 0 0
(v + 1)
0 0 —p 0 —fB'p
B —p) =~ -y
’ K oo (v + )
0 0 0 0 Bsitvi+r)—o—p

where s1,v1, 71 are the respective equilibrium values for the susceptible, vaccinated, and
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the initially recovered compartments for the Disease 1 equilibrium. The resulting

eigenvalues are (—p, —u, 3’ [g + ’i’y‘:_/ﬁ?} — (¥ 4+ ), A\y), where
1 1— 1-p)\?
= (3) Wi\/(W) B0 -p) | (29)

The discriminant of A4 can dictate whether the eigenvalues will have a negative real
part. If the discriminant is negative or zero, then the eigenvalues will be negative. If the
discriminant is positive, recall that for the system to not go to the DFE, Ry(1 — p) > 1.

This means that

S I s R R TR

which ensures that Ay is negative when Ro(1 —p) > 1. When Ro(1 —p) < 1, Ay
would have a positive real part which makes the equilibrium point unstable. This
suggests that this equilibrium point will not be stable if the system was not already in
endemic equilibrium with Disease 1.

For the third eigenvalue to be negative,

+u
R, <R 7]<R 1— 31
0= [M+Ro(7+pm o1 =p) 3D

When these conditions are satisfied, then the Disease 1 equilibrium point is locally
asymptotically stable. These conditions also imply that this equilibrium point can only
be achieved if the system before the emergence is already in endemic equilibrium with
Disease 1. Fig [4| shows the simulation of the system using parameters that satisfy Eq
Unlike the DFE case, the proportion of individuals infected by the original strain,
denoted by the red dashed line, along with the recovered individuals, denoted by the
green dashed line, increase up to their respective equilibrium values. This is

accompanied by the decrease in susceptible individuals in the population.

Fig 4. Surveillance data of the compartments for Disease 1 equilibrium.
The reproduction number of the original strain is Ry = 10, while the
reproduction number of the emergent strain is R = 1.11. The vaccination
rate used is 0.7.

At t = 100, the number of individuals infected by the newer strain, denoted by the
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pink dashed line, was shown to have a small spike, but quickly went to zero while the

number of individuals infected by the original strain remained relatively unchanged.

Note that the reproduction number of the emergent strain is 1.11 which is greater than

one, meaning the emergent strain will be able to survive on its own in this population.

This implies that the new strain is not strong enough to infect enough people to

dominate over the original strain.

Disease 2 equilibrium (Newer strain)

For this equilibrium scenario, i # 0 and thus for Eq [L5| to be zero, we have to have

B'(52 402 +72) = (v +u) =0

where So, U2, and 75 are the respective equilibrium values of the susceptible,

vaccinated, and initially recovered compartments corresponding to the Disease 2

(32)

equilibrium. The resulting Jacobian, J, for the equilibrium where only the mutated

disease exists is given by

’ 1— !
_Pyufﬂ _B( p)gv 1) 0 0 (=) + 1)
0 - _p;L (4 0 0 0
wb /
0 0 a 0 / —p(u+7")
0 y 0 S 0
/ / / ! ! ’y J”/‘u
ulB =~ =y 0 mlB =+ —p plf -y —u 0
g Y A p Y A p
The corresponding characteristic equation is given by,
2 !
pp' ) { BL—p)(v + 1) }
A+ Am e+ (v +p
( v+ p g’ ( :
B b
x | A% + + -7 - } =
{ Ta w(B =" =)
/ / 1— /
The eigenvalues are ( 1B ,— 1o , A( P)EV + 1) — (v + p), )\i)
YEp ytp g

where

wB'

up
20y = — +
* Y+ p \/(

Y+ p

)2 — 4B =+ —p)
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Similar to the AL in the Disease 1 equilibrium, the real part will be negative if the
discriminant is negative. For the equilibrium point to exist, R, > 1, which means that

when the discriminant is positive, the following inequality holds

;12 ;12

which means that both Ay will be negative as long as R}, > 1. As for the remaining

eigenvalue, it will be negative if
Ry > Ro(1—p) (36)

This indicates that the second disease will be locally stable if the mutated disease
has a higher reproduction number compared to the original disease. Once this happens,
the endemic equilibrium can not be achieved. Note that there are no conditions for the
value of Ry(1 — p), which means that this equilibrium point can occur whether the
system was initially in DFE or endemic equilibrium with the original strain. Fig
shows the emergence from a system in DFE where ¢; is zero before the emergence of the
strain, which happens when R{; > 1 > Ry(1 — p). The proportion of vaccinated and the
susceptible individuals remained constant before the emergence. Upon the emergence of
the newer strain, the system behaves like a regular SIR model with a susceptible
compartment comprising of the S, V, and R compartments as shown in Fig[5| The
proportion of both susceptible and vaccinated individuals decreased drastically shortly
after the emergence at ¢ = 100, while the proportion of individuals infected by the
emergent strain (i), denoted by the pink dashed line, had an upward spike before
settling into its equilibrium value. The original strain showed no sign of reemergence

after it has settled into DFE, which is what is expected.

Fig 5. Surveillance data of the compartments for the new strain
equilibrium where the system is originally in DFE. The reproduction
number of the original strain is Ry = 0.83, while the reproduction number of
the emergent strain is R, = 6.67. The vaccination rate used is 0.7.

Another possible case is when the system is initially in endemic equilibrium but the
original strain dies because of the introduction of the new strain. Fig[0] shows that i; is

nonzero before time ¢ = 100, which occurs when R{, > Ro(1 — p) > 1. Upon emergence
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of the second strain, the proportion of the population infected by the original strain, i1, 368
and the proportion of the individuals who recovered from the original strain, rq, 369
decrease and go to zero asymptotically. The behavior of the second strain is similar to 3w
that in Fig[5| This implies that the new emergent strain is much more infectious than  sn
the older strain that the new strain infects more susceptible individuals compared to the s»

original strain. This causes the original strain to die down at steady state. 373

Fig 6. Surveillance data of the compartments for the new strain
equilibrium where the system is originally in endemic equilibrium with
Disease 1. The reproduction number of the original strain is Ry = 5.71,
while the reproduction number of the emergent strain is R = 6.67. The
vaccination rate used is 0.7.

Endemic equilibrium 374

For the endemic equilibrium case, both i; and 75 are nonzero and thus both Eq[28|and

L

5

hold. Since Eq[11]is zero, 376
pit+ By —p=—(1-p)/s" (37)
The resulting Jacobian for the endemic equilibrium case is given by 377
—(1=p)u/s* —pBs* 0 0 —B's*
B3 0 0 0 0
J= 0 0 —Bit—p 0 —B'v* (38)
0 g 0 —Biz —p —p'r]
Blia 0 Blia Bia 0
The characteristic equation is given by 378
A+ pp /o)A + a1 X3 + aad® + ash +ag) =0 (39)
where 379
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psp+ v (1 —pu

a1 = % gk (40)
s*v
_ il*S*U*ﬁ(’Y + M) + ﬂQp(l — p) + iz*s*v*ﬂ’2(5* 4t U*)
“o e (41)
s*v
_iips™Bp(y + p) +iap(sT)*pB” 4 (1 - p)isoBu(rt +v*) 42
©o s*v* (42)
ek 2 P $/ %\2 N2
0 = BEBBTI(rsTeT 4+ sT()T)(v 4 )+ (57) 0] (43)

s*v*

Recall that for the endemic equilibrium to be locally stable, all eigenvalues should
have a negative real part. Eq shows that one of the eigenvalues is A = —pu/v* which
is negative. For all the roots of the quartic term to have negative real parts, the
Routh-Hurwitz criteria for stability should be applied |16/17]. According to the
Routh-Hurwitz criterion, a polynomial with degree 4 will have roots (a1, as, as, as) that

all have negative real parts when:

ai,as,aq >0

aiasasz > ag + afa4

Since the values of the equilibrium points should be positive, all coefficients
(a1,a2,as,a4) are positive. Based on the stability of the first three equilibrium points

and the existence criterion, the endemic equilibrium point is expected to be stable when

Ro[ T+ p
e+ Ro(y + pp)

} < R{ < Ro(1 —p) (44)
This implies that the endemic equilibrium for the two strains can only occur when
the system is initially in endemic equilibrium for the original strain, which can explain
why the condition is more restrictive than the one for the equilibrium with Disease 2.
This highly restrictive criterion for endemic equilibrium might be a challenge for
simulating stochastic data for strains that have a relatively low reproduction number
and a high vaccination rate. A fluctuating value for the incidence rate might lead to

either one of the single-strain equilibria.

Fig [7] shows that both i; and iy are asymptotically nonzero after the emergence of
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the new strain given that Eq [44]is satisfied.

Fig 7. Surveillance data of the compartments for the endemic equilibrium.
The reproduction number of the original strain is Ry = 6.67, while the
reproduction number of the emergent strain is R = 1.67. The vaccination
rate used is 0.7.

As the endemic equilibrium between the two strains is reached, the proportion of the
vaccinated individuals that are healthy decreased considerably compared to the
proportion before the emergence while unvaccinated individuals return to the same
proportion after the system has stabilized after the emergence of the new strain. This
implies that the newer strain mostly survives on infecting the vaccinated and the
initially recovered individuals. The proportion of individuals infected by the original
strain is also observed to decrease upon reaching endemic equilibrium after emergence,

which implies that some of the susceptible population get infected by the newer strain.

Reproduction number [2§]

One of the important parameters to be calculated for an epidemic model is the
reproduction number, which quantifies how infectious a certain disease is. Formally, the
reproduction number is defined as the expected number of secondary infections caused
by a single infected individual for the whole duration that they are infectious. A value
for the reproduction number that is greater than one indicates that the epidemic
persists in the population, while a value less than one means that the disease will die
out in the population [28}29).

The reproduction number Rq of this epidemic model was calculated using the
approach formulated by van den Diessche and Watmough [28]. This approach does not
account for any measures taken to control the epidemic, but will give us an idea of the

conditions needed for the disease to spread on its own.

Next generation matrix

To obtain the reproduction number for this model, we need to solve for the next
generation matrix. The next generation matrix describes the expected number of new

infections that an infected individual produces from each susceptible compartment. Eqs
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[[1 to [I8 can be written in vector form as

dX
o $—9 (45)
where X = (iy,42,5,v,71)7, §; corresponds to the vector that describes the rate of
new infections in compartment ¢, and 2J; is the vector that correspond to the transitions
from compartment 4 to the other non-infected compartments such as Ry and R» [51].

We define F' and V such that for the disease free equilibrium X,

() = | T 5)| (16)
(V) = | G o ()

where (7, j) corresponds to the index of the infected compartments. The resulting
matrices F and V have a dimension of m x m, where m is the number of infected
compartments. Fj; describes the rate at which the infected individuals at compartment
j contribute to the infection of compartment ¢, while V;; corresponds to the rate at
which the infected individuals are removed from the infected compartments. This means
that F'V~! is related to the rate at which individuals are infected by the disease within
an average time span that an infected individual remains infected. For the system
discussed in this paper, there are two infected compartments after the emergence of the
new strain: Iy and Is. Therefore, m =2 and 1 <1i,5 < m.

The DFE was calculated to be given by (1 — p,0,p,0,0). Based on the transition

equations (Egs[11] to , § and U are given by

F = (Bsi1,B(s+v+71)i2,0,0,0)" (48)

U = (aiy,ais, Bsis + ps — (1 — p)uN, Bviz + po — pu, pry — viy)" (49)

where o« = v + u. Note that m = 2, so the corresponding F' and V matrices are then
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e B(l—p) 0 (50)
0 g

I (51)
0 ~+u

The reproduction number is obtained by taking the maximum eigenvalue of the next
generation matrix F'V~!. The next generation matrix is the product of the rate of
infection (F') and the average time that an individual remains infected (V' =1). The next

generation matrix is given by,

-1

— Bl-p) O [y+nr O _ [ Bol=p) 0 (52)

0 B 0 ~+u 0 R},

where F' is the matrix that describes the infection rates for the two infections at the
DFE, and V! describes the average time an infected individual stays infectious. It is
easy to see that the eigenvalues of the next generation matrix are Ro(1 — p) and Ry.
This means that the reproduction number $Rq for this system is given by the larger of

the two. Formally,

Ro = max(Ro(1 — p), Ry) (53)

Note that the resulting threshold equation for the system is $Rq less than one, which
means that the system will only approach the disease free equilibrium when Eq [53|is
less than one. For an outbreak to occur, at least one of these two strains should be able
to persist in the population on its own, that is, to have an individual reproduction
number greater than one. This is consistent with Eqs [26] and [27] which give us the

condition of the stability of the DFE.

Discussion and recommended next steps

We started modeling the emergence of a new strain by adding and modifying
compartments to the existing SIR model with vaccination. The emergent strain was

assumed to be unaffected by the existing vaccine designed for the original strain in the
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population. After establishing the possible transitions between compartments, the
system was found to have four equilibrium points: the disease free equilibrium, the
existing strain equilibrium, the emergent strain equilibrium, and the endemic
equilibrium. Upon examining the conditions for existence and local stability, the
disease-free equilibrium was determined to be locally stable when both R, and Ry, are
less than one. This is consistent with the reproduction number for this multi-strain
model. The existing strain equilibrium surprisingly did not impose that R} < 1, which
is the condition for the DFE of a normal SIR model for a single-strain without
immunity. This implies that if the original strain is much more contagious than the
emergent strain, the emergent strain would still die out eventually regardless of the fact
that it would persist in the population if it was on its own. On a similar note, the local
stability condition for the emergent equilibrium condition also does not impose that
R, < 1. This means that the state of the system prior to the emergence of the new
strain does not matter as long as the emergent strain is more contagious than the
existing strain. This leaves a highly restrictive condition for endemic equilibrium to
exist: the emergent strain must be able to survive by itself and the original strain must
be contagious enough to infect enough people, which is given by Eq[d4] Eq [4] also
implies that the two-strain endemic equilibrium will only be locally asymptotically
stable if the original strain is endemic to the population upon the emergence of the
newer strain. These restrictions for the stability of endemic equilibrium would highly
affect simulation studies about emergent strains especially when stochasticity is added
to the model. Knowing the stability conditions for a multi-strain SIR model without
cross-immunity will also be able to give us insights about when a newer strain emerges
while the original strain still exists. This is common for the flu virus which changes
every season and the vaccines lose their efficacy after a new mutated strain emerges.
This result might also be relevant when a highly contagious strain like the COVID-19
virus, a viral strain that does not exhibit cross-immunity with the influenza virus,
emerges in a population. Our results show that COVID-19 will be able to co-exist with
the flu in an endemic equilibrium under certain circumstances, which might become a
problem in terms of prioritizing patients in health care centers especially since the two
diseases show similar symptoms [52]. Our research also suggests that if the spread of the

emergent virus is not contained, we can expect the COVID-19 virus to dominate over
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the existing influenza virus, which can highly influence the development of protocol in

receiving patients with flu-like symptoms and allocating resources in health care centers.

In summary, the modified multi-strain SIR model of an emerging disease that affects

both susceptible and previously immune individuals was studied. The local stability of

the equilibrium points as well as the reproduction number for the model were calculated.

Based on the results, we found that the original and the emergent strain can coexist in
an endemic equilibrium if the emergent strain has a lower reproduction number than
the original strain and that the system should already be in endemic equilibrium with
the original disease before the emergence. The requirement for the endemic equilibrium
to exist is quite strict especially for low values of Ry and high values of p, which
presents a challenge in simulating surveillance data with stochastic incidence rates.
This modified SIR model can be improved further by using time-dependent infection
rates to account for the seasonality of viruses. Exploring the effect of vaccination on
other epidemic models such as epidemics with animal vectors and epidemics with

latency and treatment compartments can also be studied in the future.
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